Abstract. We show that there exist a complex projective K3 surface X and an automorphism σ ∈ Aut(C) such that the conjugate K3 surface X σ is a non-isomorphic FourierMukai partner of X.
Introduction
By denition two complex projective K3 surfaces X and Y are called FourierMukai partners (or derived equivalent) if there exists a C-linear equivalence between their derived categories of coherent sheaves. Due to results by Mukai ([14] ) and Orlov ([17] ) we have geometric and cohomological criteria for K3 surfaces to be derived equivalent. In particular, it follows that any given K3 surface has only nitely many non-isomorphic FourierMukai partners. It is also possible to view derived equivalent K3 surfaces as elements in the orbit of the action of a certain discrete group on the moduli space of (generalized) K3 surfaces (see e.g. [10] ).
There is a dierent group acting on the moduli space, namely the group of automorphisms of the complex numbers. The action is dened as follows:
Consider a complex projective K3 surface X and σ ∈ Aut(C). Then we dene the conjugate K3 surface X σ by the ber product
The K3 surfaces X and X σ will in general be non-isomorphic as schemes over C but clearly they are isomorphic over K = Q and thus there is a Q-linear equivalence
An obvious question is whether one can nd examples where there is a C-linear equivalence as well, without X and X σ being isomorphic over C. Thus, we would like to understand the connection between the actions of Aut(C) and the above mentioned discrete group on the moduli space of projective K3 surfaces. The main result is the following theorem which shows that the orbits of the two group actions can intersect in more than one point:
This work was supported by the SFB/TR 45`Periods, Moduli Spaces and Arithmetic of Algebraic Varieties' of the DFG (German Research Foundation) 1 2 (L, L))t 2 + 2, L n is generated by global sections for n ≥ 2 and is very ample for n ≥ 3 (for the latter results see [19] ).
A family of K3 surfaces is a proper and at morphism π : X / / S over a scheme S, which as all schemes in the following will be assumed to be of nite type, such that the geometric bers of π are K3 surfaces. A family of (primitively) polarized K3 surfaces is given by a map π as above together with a line bundle L on X which denes a (primitive) polarization restricted to each geometric ber. Note that L n is relatively very ample over S for n ≥ 3.
Using the general theory in [24] it is possible to construct a coarse quasi-projective separated moduli scheme M K 2d for primitively polarized K3 surfaces of degree 2d over K as follows: Consider the Hilbert scheme Hilb P N representing subvarieties of P N K with Hilbert polynomial P (x) := n 2 dx 2 + 2, where n ≥ 3, d is a natural number (which should be thought of as ( 1 2 L 2 )) and N = P (1) − 1. Then there exists on open subscheme U of Hilb P N representing primitively polarized K3 surfaces together with an embedding into P N K and the GIT quotient U/P GL(N + 1) is the coarse moduli scheme in question.
For K = C there is a dierent construction (which uses lattice and Hodge theory), which shows that the moduli scheme of polarized complex K3 surfaces M C 2d is actually a 19-dimensional reduced, irreducible and normal space. For details see [1] .
We would like to see that M Q 2d inherits all the above mentioned properties. A rst step is the following
Proof. Both schemes are constructed as GIT-quotients and this is compatible with eld extensions, cf. [16, Prop. 1.14].
Using the lemma we can now deduce
2d is and we can check this property using an ane cover. The statement about the dimension is clear.
We would also like to control the singularities of M Q 2d . This is given by Proposition 2.3. M Q 2d is a normal scheme. Proof. We will use the following result from commutative algebra:
Let R and S be two K-algebras such that R ⊗ K S is Noetherian. Then R ⊗ K S is normal if and only if R and S are normal (this is a special case of [23, Theorem 1.6] ).
Since normality is a local property, we may take an open ane subset Spec(A) in M Q 2d . Then, by normality of M C 2d , we have that A ⊗ Q C is normal (and of course Noetherian) and hence A is.
Mukai involutions
In this section we will study so called Mukai involutions on M Q 2d . We will use several results obtained in [21] where the action of the group of Mukai involutions on M C 2d was investigated.
For a complex 2d-porarized K3 surface (X, L) consider the moduli space M X = M X (v) of stable sheaves on X whose numerical invariants are given by a Mukai vector v ∈ H 0 (X, Z)⊕ H 2 (X, Z) ⊕ H 4 (X, Z). We will only consider vectors of the form v = (r, L, s) fullling (a) L 2 = 2rs = 2d, (b) gcd(r, s) = 1 and (c) r ≤ s. These choices ensure that M X is a ne moduli space and a 2d-polarized K3 surface. We will use the same notation over Q. In this case M X is also in M Q 2d , which follows from the fact that this is true over C and that any line bundle on the K3 surface (M X ) C is already dened over Q. We dene the Mukai involution g to be the map sending X to M X . Proposition 3.1. The Mukai involution g is a morphism.
Proof. Consider the universal family f : X / / U , where U is the above used open subscheme of the Hilbert scheme. Note that U is reduced. The morphism f is projective and hence there exists a relative moduli space M(v)
/ / U such that over t ∈ U we have the moduli
. We know that the polarization L, which exists by construction, has the property that its intersection number on the bers is a quadratic multiple, say a, of the given degree 2d, which one can see by rst looking at K3 surfaces of Picard rank 1 and then using that the intersection number is (locally) constant. Now, the étale sheacation of the relative Picard functor is representable by a scheme Pic M(v)/U (see e.g. [5, Chapter 8] ) and the image of the morphism f :
is the multiplication by a). We therefore have a commutative diagram
The morphism f denes an element of the étale Picard functor, which by denition is represented by a line bundle L on the ber product M(v) := M(v) × U U , for some étale covering π :
/ / U is a family of K3 surfaces with a polarization of degree 2d and we therefore get a map α :
. Using descent theory described in [8, Exposé VIII] we know that there exists a morphism β : U / / M Q 2d such that βπ = α if and only if α commutes with the two projections from U × U U , i.e. αp 1 = αp 2 . But the latter condition is clear for closed, and hence for all (everything is reduced), points by the fact that α is the classifying map of the family and the K3 surfaces over the closed points of a bre of π are all isomorphic. Thus we have a map β :
Since α is equivariant, it descends to a morphism h from the GIT-quotient
so that the following diagram commutes
By denition we have that g = h and thus g is a morphism.
Remark 3.2. Clearly the same proof works for M C 2d (and any other algebraically closed eld). In particular, we shall need
. We can consider a Mukai involution from a dierent point of view using the following result (see [14] It follows from this theorem that 
From now on we will consider the case 2d = 12. In this case there is only one Mukai involution sending a K3 surface X to the moduli space M X = M (2, l, 3) . This involution will be denoted by g. The rst step is to invesigate its xed point locus. It was proved in [21] that over C there is precisely one divisor D in the xed point locus of g C . We will now prove the Proof. The xed point locus of a morphism can be dened as the intersection of the diagonal and the graph which are both dened over Q. Since this construction commutes with base change we have that Fix(g C ) =Fix(g) × Spec(Q) Spec(C). Therefore Fix(g) has to contain a divisor. We want to construct an irreducible g-invariant curve in M Q 2d . The strategy is rather simple: Take a curve in the quotient space M Q 2d / id, g and pull it back to M Q 2d . The curve C we get will clearly be g-invariant. The irreducibility will be achieved by using Bertini's theorem. We rst recall the following / / K is nite and surjective.
Proof. Since M Q 2d is quasi-projective, this follows from [15] , pp. 6669. To ensure that C is irreducible, we want it to be connected and regular. The rst property is proved by the following Proposition 4.2. Let A be an irreducible curve in K which is not contained in the image of the xed point locus of g but intersects it in at least one point. Then the pullback curve
Proof. Assume the converse, then there exist disjoint closed non-empty subsets C = W 1 W 2 .
Since A intersects the xed point locus, there exists a point x ∈ A whose reduced ber is precisely one point y. We may assume that y ∈ W 1 . Since π is nite and thus proper, π(W 1 ), π(W 2 ) are closed in A. Since A is irreducible and both sets are non-empty, we must have π(W 1 ) = π(W 2 ). However, this is impossible, since π(W 2 ) does not contain x. The last assertion is obvious.
Next we have to make sure that C is regular. To do this we use Bertini's theorem: Let A be given as an intersection of hyperplanes. If these hyperplanes are generic, then A is regular away from the singularities of K. In order to control these we need the following Lemma 4.3. Let R be a normal integral domain, let H be a nite group of automorphisms of R and let R H be the ring of invariants. Then R H is normal.
Proof. If z ∈ Q(R H ) is integral over R H , it is also integral over R and hence z ∈ R, since R is normal. On the other hand, h(z) = z for all h ∈ H and therefore z ∈ R H . Thus, R H is normal.
Since we know M Q 2d to be normal, it follows from the lemma that K is normal as well. Thus, if A is generic among those curves intersecting the xed point locus in a generic point of the divisor, it will be regular and the same will hold for C (cf. [9, III, Cor. 10.9] ). Thus, we have proved Proposition 4.4. There exists a g-invariant connected and regular, hence irreducible, curve C (on which g acts non-trivially) in M Q 2d .
However, M Q 2d is just a coarse moduli space and thus a priori we do not have a family over C. This problem is avoided by the following Proposition 4.5. There exists a family X / / C over an irreducible curve C such that the classifying map of this family is a nite surjective morphism C / / C. Furthermore, the inclusion of function elds K(C) / / K(C ) is a Galois extension.
Proof. The rst statement is well-known, cf. e.g. [24, Theorem 9.25] (the general idea is that the wanted curve lives in the Hilbert scheme). Denote the covering curve by C. Considering function elds we have a nite (and of course separable) extension
If this extension is not normal, we can take the normal closure L of L to get a Galois extension K / / L . Geometrically this just corresponds to a nite surjective morphism from a new curve C / / C and a (pullback-)family over C . Hence the result.
The morphism g induces an automorphism of K which can be lifted to an automorphism g of K = L (see e.g. [25, Theorem 6] ). Considering the composition of g with the inclusion L / / K and using the normality of L, we see that we get an automorphism g of L which clearly extends g. This automorphism then gives an automorphism of the curve C . Since g is an extension of g, it has the same geometric interpretation, namely sending a bre X to a K3 surface which is isomorphic to M X (v).
The geometric bre of the generic point of C is a K3 surface and therefore the generic bre itself is as well (use [9, III, Prop. 9.3]). Denote this K3 surface over L as X L . Base change via g gives a second K3 surface over L which by construction is M X L (2, l, 3) =: X L . Now x an imbedding i of L into C. Denoting the induced action of g on Spec(L) by g * , we have the following diagram:
and thus X C is not isomorphic to X C for a generic (i.e. of Picard rank 1) X C . Now extend the automorphism g of L to g ∈ Aut(C).
Combining these facts we see that X C and X C are conjugate via g and thus are the desired non-isomorphic conjugate derived equivalent K3 surfaces.
Abelian surfaces
We will now show that a similar result holds for abelian surfaces. First, recall that for any algebraically closed eld K of characteristic 0 there exists a coarse moduli space A (1,t) for polarized abelian surfaces of type (1, t) . This moduli space is a quasi-projective normal threefold. Using [3] we know that there exists an involution f on A (1,t) sending a polarized abelian surface (A, L) to the dual polarized abelian surface ( A, L) (thus Prop. 3.1 is known for abelian surfaces). Here, the dual polarization is e.g. dened by demanding that its pullback under the isogeny induced by L is tL. For other descriptions of L (in the case where the ground eld is C) see [2] . In the case K = C we use [6, Theorem 3.4 ] to deduce that the xed point locus of f C contains at least one divisor (the points of this divisor correspond to so called Humbert surfaces). Same arguments as in the K3 case show that Fix(f ) contains a divisor as well. We can then proceed as in section 4 to produce a certain curve in A (1,t) . To conclude we just note that by the classical results of Mukai, see [13] , A and A are always derived equivalent.
Appendix
In this section we will give a dierent proof of Proposition 3.1. The strategy is as follows: First prove that any Mukai involution is an analytic morphism of the moduli space over C, then show that it is in fact algebraic and using this conclude that a Mukai involution over Q is a morphism as well. Proof. Let g C be an arbitrary Mukai involution sending X to M (r, l, s) =: M (v). We know from [14] that there exists a Hodge isometry α : Λ v ⊥ /Zv (where v ⊥ is the orthogonal complement of v in the Mukai lattice) and α clearly induces an isomorphism P(Λ ⊗ C) P((v ⊥ /Zv) ⊗ C). This isomorphism restricts to an isomorphism of the period domains Q and Q on both sides. Now if X is a K3 surface then we get its associated period point x 0 ∈ Q by choosing an isometry ϕ : H 2 (X, Z) Λ. We get the period point x 0 of M (v) in Q by using the isometry
is the isometry from [14] . The map g C sends x 0 to x 0 . Now α(x 0 ) is by denition the period point of M (v) considered as a point in Q . Thus, on the level of period domains the Mukai involution g C is just the isomorphism f . Factoring out the markings is compatible with this process. Hence the result.
Proof. We want to apply the following theorem of Borel (see [4] ): If Y is a quasi-projective variety and f : Y / / Ω/Γ is a holomorphic map to the quotient of a homogeneous space Ω by an arithmetic torsion free group Γ, then f is algebraic.
We wish to apply the theorem to Y = M C 2d , Ω = Q 2d , Γ = Γ 2d and f = g C . Since Γ 2d is in general not torsion free we cannot apply it directly. However, using results in [18] (compare also [7] and [22] ) we can avoid this problem by using level covers and considering the algebraic construction of M C 2d described previously. Denote the above mentioned open subset of the Hilbert scheme by U . For l ≥ 3 consider Γ 2d (l),the l-th congruence subgroup of Γ 2d . This group is torsion free and the projection Q 2d /Γ 2d (l) / / Q 2d /Γ 2d is nite. Since the group of automorphisms of a polarized K3 surface that x the polarization is nite and this group acts faithfully on the cohomology of a K3 surface, we can apply Proposition 2.17 in [18] which gives us a nite Galois covering U of U such that U / / U has Galois group Γ 2d /Γ 2d (l). Thus we get a commutative diagram U /P GL
All the varieties in the diagram are quasi-projective and the vertical arrows are nite and surjective maps given as quotients of the action of a nite group. By Borel's result the upper map is algebraic and thus so is g C .
To conclude one has to check that g is also a morphism. Since we are working over algebraically closed elds we can switch to the classical language and only consider closed points. So, g is a map of sets and by the above g C is a morphism, i.e. locally on ane sets given by polynomials which a priori could have non-algebraic coecients. However, we know that applied to points with Q-entries these polynomials give algebraic values. . Now consider p − gp for a polynomial as above and a g ∈ G. By assumption we have that p − gp is zero on X C (Q) and therefore also on X C (C) since X C (Q) ⊂ X C (C) is dense. Therefore p − gp = 0 ∈ K[X C ] and thus p ∈ K[X].
Thus we have proved the Proposition 6.4. The map g is a morphism.
